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The inuene of uniaxial anisotropy and the dipole interation on the diretion of the magne-
tization of ultra-thin ferromagneti lms in the ground-state is studied. The ground-state energy
an be expressed in terms of anisotropy onstants whih are alulated in detail as funtion of the
system parameters and the lm thikness. In partiular non-ollinear spin arrangements are taken
into aount. Conditions for the appearane of a spin reorientation transition are given and analyti
results for the width of the anted phase and its shift in applied magneti elds assoiated with this
transition are derived.
I. INTRODUCTION
Experimentally it beame possible in reent years to
grow epitaxial thin lms of ferromagneti materials on
non-magneti substrates with a very high quality. This
oers the possibility to stabilize rystallographi stru-
tures whih are not present in nature, and whih may
exhibit new properties of high tehnologial impat. To
understand the magneti struture of these systems is a
hallenging problem both experimentally and theoreti-
ally.
Generally speaking, for not too thin lms the magne-
tization is in-plane due to the dipole interation (shape
anisotropy). However, in very thin lms this may hange
due to the inreasing importane of surfae eets. In-
deed, at surfaes due to the broken symmetry uniaxial
anisotropy energies arise whih in generally are muh
higher than in the bulk. These anisotropy energies may
favor a perpendiular orientation of magnetization
1
. Ad-
ditionally in the inner layers of the lm due to strain
indued distortion bulk anisotropy energies may appear
absent or very small in the ideal rystal. As a onse-
quene in these lms a reorientation of the spontaneous
magnetization is observed either as funtion of lm thik-
ness or as a funtion of temperature. This spin reorien-
tation transition has been disussed extensively in the
past
2,3,4,5
.
Phenomenologially in order to desribe the magneti
properties, anisotropy oeients Kn ompatible with
the underlying symmetry of the lm are introdued whih
are supposed to arise from an expansion of the energy (or
the free energy at nite temperatures) in terms of the ori-
entation of the magnetization vetor relative to the lm.
These oeients are then studied experimentally (for
a review see Ref. 6). In ferromagneti resonane (FMR)
experiments, for instane, these oeients diretly enter
the resonane frequeny (for referenes see for instane
Ref. 7,8).
Theoretially, it has been shown that the anisotropy
oeients Kn(T ), whih are in general temperature de-
pendent, an be alulated numerially at nite temper-
atures within mean eld theory, starting from a Hamilto-
nian with mirosopi onstant anisotropy parameters
9
.
Furthermore, the temperature dependene of the lowest
order anisotropy K(T ) was determined analytially us-
ing a ombination of mean eld theory and rst order
perturbation theory
9,10
. In other approahes the mag-
netization of the lm is alulated diretly within mean
eld and spin wave theory
11,12,13,14
or with full numerial
alulations like Monte Carlo simulations
15,16
.
In the present paper we desribe the ferromagneti
lm within a lassial loal spin model with dipolar
interation and uniaxial anisotropy. We will onen-
trate on ground-state properties of thin lms in order
to larify the disussion and to eliminate all unertain-
ties onneted with nite temperature alulations. A
major goal of the present study is the alulation of the
anisotropy oeients at zero temperature from the pa-
rameters of an underlying Hamiltonian. The important
point is that even in this situation the dependene of
these oeients on the mirosopi parameters is far
from being trivial due to non-ollinear magneti states in
the thin lm. It is the purpose of this paper to eluidate
this behavior.
II. THE MODEL
The alulations of the ground-state properties of
ultra-thin ferromagneti lms are done within the frame-
work of a lassial ferromagneti Heisenberg model on-
sisting of L two-dimensional layers with the ~z-diretion
normal to the lm. The Hamiltonian reads
H = −
J
2
∑
〈ij〉
~si · ~sj +
ω
2
∑
i6=j
~si · ~sj
r3ij
−
3(~si · ~rij)(~rij · ~sj)
r5ij
−
∑
i
D
(2)
λi
(szi )
2 −
∑
i
D
(4)
λi
(szi )
4 −
∑
i
~B · ~si, (1)
where ~si = (s
x
i , s
y
i , s
z
i ) are spin vetors of unit length at
position ~ri = (r
x
i , r
y
i , r
z
i ) in layer λi and ~rij = ~ri − ~rj .
The positions ~ri are normalized suh that nearest neigh-
bors obey r〈ij〉 = 1. J is the nearest-neighbor exhange
oupling onstant, D
(2)
λi
and D
(4)
λi
are the loal uniax-
ial anisotropies of seond and fourth order, respetively,
~B denotes the external magneti eld with the ee-
tive magneti moment µ of the spins inorporated, and
ω = µ0µ
2/4πa3 is the strength of the long range dipole
interation on a lattie with lattie onstant a (µ0 is the
magneti permeability).
2To alulate the ground-state energy per spin we as-
sume translational invariane of the spin struture par-
allel to the lm. This assumption is not orret rigor-
ously sine it an be shown that for a perpendiular ori-
ented magnetization, for instane, a state with striped
domains is energetially slightly more favorable. How-
ever the orresponding energy dierene for ultra-thin
lms is of order e−J/2ω and therefore negligible for real-
isti parameters of Fe- or Ni-lms showing spin reorien-
tation transitions
16
.
Assuming translational invariane in the xy-plane the
summation over all spins within a plane an be done ex-
atly resulting in the energy per surfae spin
E(~s) = −
J
2
L∑
µ,ν=1
z|µ−ν| ~sµ · ~sν
−
ω
2
L∑
µ,ν=1
Φ|µ−ν| ~sµ ·

 12 0 00 12 0
0 0 −1

 · ~sν
−
L∑
µ=1
D(2)µ (s
z
µ)
2 +D(4)µ (s
z
µ)
4 + ~B · ~sµ (2)
with ~s = (~s1, . . . , ~sL). The quantities µ and ν denote
layer indies, z|µ−ν| is the number of nearest neighbors
between layer µ and ν, and Φ|µ−ν| are onstants arising
from a partial summation of the dipole interation. The
quantities Φδ have been alulated previously
17,18
and
they are listed together with zδ in Table I.
With an external magneti eld
~B = (0, B‖, B⊥) in the
yz-plane, all spins ~sµ are onned to this plane. They
therefore an be expressed by their azimuthal angle ϑµ,
~sµ = (0, sinϑµ, cosϑµ). Eq. (2) thus an be rewritten as
E(~ϑ) = −
1
2
L∑
µ,ν=1
[(
Jz|µ−ν| −
ω
4
Φ|µ−ν|
)
cos(ϑµ − ϑν)
−
3ω
4
Φ|µ−ν| cos(ϑµ + ϑν)
]
−
L∑
µ=1
[
D(2)µ cos
2 ϑµ +D
(4)
µ cos
4 ϑµ
+B‖ sinϑµ +B⊥ cosϑµ
]
(3)
with
~ϑ = (ϑ1, . . . , ϑL). The ground state is obtained
by minimizing the energy E(~ϑ) with respet to ~ϑ. In
zero external eld two stationary points of the energy
given in Eq. (3) are easily identied to be given by
~ϑ⊥ =
(0, . . . , 0) and ~ϑ‖ = (π2 , . . . ,
π
2 ), respetively. We dene
a total anisotropy per surfae spin in zero eld K by the
orresponding energy dierene, K = E(~ϑ‖) − E(~ϑ⊥).
This quantity is given by
K =
L∑
µ=1
(
D(2)µ +D
(4)
µ
)
−
3ω
4
L∑
µ,ν=1
Φ|µ−ν|. (4)
The rst term is the sum of the anisotropy onstants of
seond and fourth order while the seond term is due
to the dipole interation. Note that this dipole term is
idential to the dipole anisotropy per unit area
L
2 µ0m
2
alulated within ontinuum theory, but with additional
surfae orretion, as
3ω
4
L∑
µ,ν=1
Φ|µ−ν| =
L
2
µ0m
2 −
3ω
2
Φ1 +O(Φ2). (5)
For K > 0 a perpendiular magnetization is more fa-
vorable than an in-plane magnetization and vie versa.
However, in ertain parameter intervals additional sta-
tionary points appear whih may lead to an even lower
energy resulting in a anted spin struture. This will be
disussed in detail in Setion V.
In general the minimization of Eq. (3) has to be done
numerially. For realisti parameters appearing for in-
stane for Fe- or Ni lms, however, the exhange intera-
tion is by far the largest term in the Hamiltonian leading
to a nearly ollinear spin struture. In this situation the
anisotropy terms an be treated as small perturbation
and as a onsequene the minimization an be done to a
large extend analytially.
III. PERTURBATION CALCULATION
We dene an averaged angle, θ = 1L
∑L
ν=1 ϑν and devi-
ations from it, ǫν , so that ϑν = θ + ǫν and
∑L
ν=1 ǫν = 0.
Finite ǫν appear due to the various anisotropy terms and
they are therefore small for anisotropy terms (inluding
the external magneti eld) whih are small ompared to
the exhange energy. This will be assumed in the follow-
ing. Under these irumstanes a perturbative treatment
is possible. We deompose the energy Eq. (3) into two
parts,
E(~ϑ) = E(0)(θ) + δE(θ,~ǫ) (6)
with δE(θ,~0) = 0 and
E(0)(θ) = −
J
2
L∑
µ,ν=1
z|µ−ν| +
3ω
8
cos(2θ)
L∑
µ,ν=1
Φ|µ−ν|
− cos2 θ
L∑
µ=1
D(2)µ − cos
4 θ
L∑
µ=1
D(4)µ
− L(B‖ sin θ +B⊥ cos θ) (7)
An expansion of δE(θ,~ǫ) in terms of ~ǫ then gives
δE(θ,~ǫ) = ~a(θ) · ~ǫ +
1
2
~ǫ ·C · ~ǫ +O(~ǫ)3 (8)
3lattie z0 z1 zδ>1 Φ0 Φ1 Φδ>1
s(001) 4 1 0 9.0336 −0.3275 ∼ −16pi2e−2piδ
f(001) 4 4 0 9.0336 1.4294 ∼ ∓16pi2e−
√
2piδ
b(001) 0 4 0 5.8675 2.7126 ∼ ∓6
√
3pi
2
e
−piδ
Table I: Number of nearest neighbors zδ and dipole sums Φδ for dierent lattie types. δ is the distane between layers.
where we have introdued an obvious matrix notation.
The gradient
~a(θ) =
∂
∂~ǫ
δE(θ,~ǫ)
∣∣∣∣
~ǫ=~0
(9)
is given by
~a(θ) = ~A(θ) sin(2θ) (10)
with
Aλ(θ) = D
(2)
λ + 2D
(4)
λ cos
2 θ −
3ω
4
L∑
µ=1
Φ|λ−µ|. (11)
Thus, to lowest order the anisotropy terms are linear in
~ǫ while the exhange term expressed in Eq. (8) by the
matrix C with matrix elements
Cµν = −Jz|µ−ν| + δµν
L∑
λ=1
Jz|µ−λ| (12)
is quadrati in ~ǫ.
The minimum of δE(θ,~ǫ) appears for ǫν of the order of
the anisotropy terms showing that the trunated Eq. (8)
gives the orret energy up to seond order in ~ǫ. Note
that up to this order the Zeeman term enters only Eq. (7).
Therefore, at this level of trunation θ agrees with the
azimuthal angel of the averaged magnetization.
It an be easily seen from the denition Eq. (12) that
~e0 = (1, . . . , 1) is an eigenvetor of C with eigenvalue
zero. With this vetor it is onvenient to rewrite the
onstrain
∑L
ν=1 ǫν = 0 as a salar produt, ~e0 · ~ǫ = 0.
This notation will be used in the following.
The minimalization of the energy is done in two steps.
First we keep θ xed and minimize with respet to ǫν un-
der the onstraint ~e0 ·~ǫ = 0. The orresponding energy at
the minimum, E(θ), is aessible for instane by varying
the external magneti eld and it is preisely this quan-
tity whih for instane is needed to alulate the FMR
signal. Finally the ground state energy is obtained by
minimizing E(θ) with respet to θ.
The variation with respet to ǫν is ahieved by intro-
duing the funtion
Ψ(θ,~ǫ) = ~a(θ) · ~ǫ+
1
2
~ǫ ·C · ~ǫ+ λ~e0 · ~ǫ (13)
where λ denotes a Lagrangian multiplier. Stationarity of
Ψ(θ,~ǫ) gives
C · ~ǫ+ ~a(θ) + λ~e0 = ~0. (14)
Taking the salar produt with ~e0 and noting that ~e0·C =
~0 the multiplier λ is obtained as
λ = −
1
L
~e0 · ~a(θ). (15)
Thus ~ǫ is determined from
C · ~ǫ+
(
1−
1
L
E
)
· ~a(θ) = ~0 (16)
with identity matrix 1 and a matrix E with Eµν = 1
for all matrix elements. To solve this equation for ~ǫ we
introdue the pseudo-inverse C
†
of the matrix C, whih
in our ase fullls
C ·C† = 1−
1
L
E. (17)
The matrix C
†
is uniquely dened if one requires that
it is a symmetri matrix with eigenvetor ~e0 and orre-
sponding eigenvalue zero. The matrix elements of C
†
are
expliitly given by
18
C†µν =
1
2LJz1
[
L2 − 1
6
− L|µ− ν|
+
(
µ−
L+ 1
2
)2
+
(
ν −
L+ 1
2
)2]
. (18)
It is easy to see that with the help of this matrix Eq. (16)
an be rewritten as
C ·
(
~ǫ+C† · ~a(θ)
)
= ~0. (19)
Sine ~e0 is the only eigenvetor of C with eigenvalue zero
the term in brakets has to be parallel to ~e0. Multiplying
this term by ~e0 and using ~e0 · ~ǫ = 0 and ~e0 · C
† = ~0 it
follows
~ǫ = −C† · ~a(θ). (20)
Inserting into Eq. (13) we get the nal result
E(θ) = E(0)(θ) + δE(θ) (21a)
δE(θ) = −
1
2
~a(θ) ·C† · ~a(θ) +O(~ǫ)3, (21b)
where we used the general property C
† = C† ·C ·C† of
the pseudo inverse. The ground state energy is obtained
by minimizing E(θ) with respet to θ.
Eq. (21) is the main result of this work, giving a general
expression for the ground state energy of a thin magneti
lm in seond order perturbation theory. The inuene of
a non-ollinear spin struture on the ground state energy
will be disussed in the following.
4IV. RESULTS
In the following we drop terms of order O(~ǫ)3 in E(θ)
and we speialize to a speial ase in order to obtain
analyti results. We neglet the exponentially small ef-
fetive dipole interations between layers with distane
larger that one, i.e. Φδ>1 = 0, and we assume that the
anisotropies D
(n)
λ whih enter the Hamiltonian Eq. (1)
are onstant within the thin lm but may deviate from
its onstant value at the surfae (λ = 1) and at the in-
terfae to the substrate (λ = L), i.e.
D
(n)
λ = D
(n)
v + δλ,1D
(n)
s + δλ,LD
(n)
i (22)
Aλ(θ) = Av(θ) + δλ,1As(θ) + δλ,LAi(θ) (23)
with
As,i(θ) = D
(2)
s,i + 2D
(4)
s,i cos
2 θ +
3ω
4
Φ1 (24)
It is easy to see that
~A(θ) ·C† · ~A(θ) = C†1,1(A
2
s (θ) +A
2
i (θ))
+ 2C†1,LAs(θ)Ai(θ) (25)
sine C
† ·~e0 = ~0 and C
†
1,1 = C
†
L,L. Then the seond order
orretion alulated in the previous setion (Eq. (21b))
an be written as
δE(θ) = ∆(θ, L) sin2(2θ) (26)
with
∆(θ, L) = −
L− 1
8Jz1
[
L− 2
3L
(As(θ) +Ai(θ))
2
+ (As(θ)−Ai(θ))
2
]
. (27)
Note that from now on L an be onsidered as ontinuous
parameter and all quantities are expliitly Ldependent.
Inserting ~a(θ) and E(0)(θ) into Eq. (21) and introduing
the quantities
K0(L) = −
J
2
(zL− 2z1)−
ω
2
(
2πL−
3
2
Φ1
)
(28a)
K2(L) = LD
(2)
v +D
(2)
s +D
(2)
i (28b)
− ω
(
2πL−
3
2
Φ1
)
K4(L) = LD
(4)
v +D
(4)
s +D
(4)
i (28)
we an nally write for the energy per surfae spin
E(θ, L) = K0(L) + ∆(θ, L) sin
2(2θ)
−K2(L) cos
2 θ −K4(L) cos
4 θ
− L(B‖ sin θ +B⊥ cos θ) (29)
Note that the total anisotropy energy K introdued in
Eq. (4) fullls
K(L) = K2(L) +K4(L),
as δE(θ) vanishes at the ollinear stationary points ~ϑ‖
and
~ϑ⊥, respetively. K2(L) and K4(L) ontain the mi-
rosopi anisotropy parameters and the dipole terms of
the lm averaged over the dierent layers.
It is easy to see that an equation for E(θ, L) in the form
given by Eq. (29) often introdued phenomenologially
8
,
but without the ∆term, is obtained if one assumes that
all spins in the lm are stritly parallel. The important
point to note here, however, is the fat that an addi-
tional anisotropy energy ∆(θ, L) enters Eq. (29) whih is
onneted to non-ollinear spin strutures originated by
inhomogeneities in the magneti lm. Indeed, this quan-
tity only vanishes in the homogeneous ase As = Ai = 0.
However, for a magneti thin lm the amplitudes Aλ
in general are not onstant. Even if the mirosopi
anisotropy onstantsD
(n)
λ are homogeneous (whih is un-
likely to our for a realisti lm) this is not the ase for
the dipole term.
To disuss the impliations of this additional
anisotropy term ∆(θ, L) we rst onsider the ase that
there is no mirosopi uniaxial anisotropy of fourth or-
der, D
(4)
λ = 0. In this ase ∆(θ, L) = ∆(L) is indepen-
dent of θ. Thus for an inhomogeneous distribution of am-
plitudes Aλ, an eetive anisotropy term of fourth order
in cos θ is generated although there is no orresponding
anisotropy term of this order in the Hamiltonian.
If there exists a mirosopi anisotropy term of fourth
order the situation is more ompliated: ∆ beomes θ-
dependent meaning that higher order anisotropy term of
up to eights order are generated in E(θ, L).
Finally we mention that the quantity ∆(θ, L) an be
further simplied in two ommon speial ases: In the
ase of a symmetri lm D
(n)
i = D
(n)
s we get As(θ) =
Ai(θ) and therefore
∆i=s(θ, L) = −
(L− 1)(L− 2)
6LJz1
A2s (θ), (30a)
while for the ase D
(n)
i = 0 and D
(2)
s +D
(4)
s ≫
3ω
2 Φ1 we
have As(θ)≫ Ai(θ) and
∆i=0(θ, L) = −
(L− 1)(L− 12 )
6LJz1
A2s (θ). (30b)
As an important appliation of these results we will
study spin reorientation transitions in the next setion.
V. SPIN REORIENTATION TRANSITION
The diretion of the magnetization in the ground state
for a given thikness L is obtained by minimizing E(θ, L)
(Eq. (29)). If the total anisotropy energyK(L) (Eq. (31))
hanges sign as funtion of L, a spin reorientation tran-
sition takes plae in whih the diretion of the magne-
tization hanges either ontinuously or disontinuously
depending on the spei form of E(θ, L). In the rst
ase a so-alled anted phase appears. Analyti results
5for the width and the position of this phase will be de-
rived in this hapter.
We deompose K(L) in volume and surfae part the
usual way
19
to get
K(L) = LKv +Ks +Ki (31)
with
Kv = D
(2)
v +D
(4)
v − 2πω (32a)
Ks,i = D
(2)
s,i +D
(4)
s,i +
3ω
4
Φ1 (32b)
Note that As,i(θ) from Eq. (24) an be written as
As,i(θ) = Ks,i +D
(4)
s,i cos 2θ. (33)
A spin reorientation transition ours if the total
anisotropy energy K(L) passes through zero as funtion
of L. If Ks + Ki > 0 this happens for suiently large
dipole interation with inreasing L, as thenKv < 0. The
orresponding transition is from perpendiular magneti-
zation at small L to an in-plane magnetization for large
L possibly with a anted magnetization in between. This
type of transition ours for Fe-lms. The opposite se-
nario an our for negative Ks+Ki if a positive volume
anisotropy Kv > 0 is present as observed in Ni-lms.
Thus, to lowest order the ritial thikness is expliitly
given by K(Lr) = 0, leading to
Lr = −
Ks +Ki
Kv
. (34)
For Fe/Ag(100) lms D
(2)
s + D
(2)
i ≈ 37ω. In this ase
the other quantities D
(4)
v , D
(2)
v and Φ1 are negligible
and we get Lr ≈ 5.5 in good agreement with numerial
alulations
18
.
For L in the viinity of Lr the minimum of E(θ) may
our at a nite θ, i.e. a anted phase ours. To dedue
the limits of stability of the two phases for whih θ = 0
and θ = π2 , respetively, we expand Eq. (29) around these
angles. From the sign of the orresponding expansion o-
eient it follows that in general there are two transitions
of seond order at thiknesses L
‖
r and L⊥r , respetively.
The phase with θ = 0 beomes unstable at L
‖
r where
K(L‖r ) +K4(L
‖
r ) + 4∆(0, L
‖
r ) = 0 (35a)
at this point. With inreasing thikness the parallel
phase with θ = π2 beomes stable at L
⊥
r where
K(L⊥r )−K4(L
⊥
r )− 4∆(
π
2 , L
⊥
r ) = 0. (35b)
For K4(Lr) + 4∆(Lr) = 0 both transitions oinide re-
sulting in a jump from θ = 0 to θ = π2 at Lr. This is
always the ase for L = 1 and in the symmetri ase
also for L = 2 provided D
(4)
λ vanishes. Otherwise a
anted phase (K4 + 4∆ > 0) or a region with hystere-
sis (K4+4∆ < 0) appears as desribed below. Note that
in the phases θ = 0 and θ = π2 , respetively, ~ǫ vanishes
aording to Eqs. (10, 20) showing that in these phases
all spins are stritly parallel. This is not the ase in the
anted phase. Note also that for nite magneti elds
whih are neither perpendiular nor parallel to the lm
minimalization of Eq. (29) leads to a θ between zero and
π
2 and therefore to a nonollinear spin struture.
The dierene of the thiknesses at whih the two
ollinear phases beome instable denes the width δLr =
L⊥r − L
‖
r of the anted region whih an be expressed as
δLr
Lr
= −
2K4(Lr) + 4(∆(0, Lr) + ∆(
π
2 , Lr))
Ks +Ki
(36)
Thus the fourth order anisotropy energy D
(4)
λ inreases
the width of the anted phase but even without suh a
term a anted region an be observed due to the eetive
anisotropy ∆(θ, Lr). If the numerator of the right hand
side of Eq. (36) is positive, a anted phase our, while
for negative numerator we nd a disontinuous transition
with hysteresis.
A similar alulation an be done in nite magneti
elds. If the eld is orientated perpendiular to the lm
the thikness at whih the phase θ = 0 beomes instable
is shifted by
δL
‖
r
Lr
= −
B⊥
2Kv
. (37a)
while for elds parallel to the lm the orresponding shift
is given by
δL⊥r
Lr
=
B‖
2Kv
. (37b)
A phase diagram for nite temperatures and eld has
been obtained within mean eld theory previously
20
. For
small external elds the shifts of the phase boundaries
obtained are linear in the eld similar to the present sit-
uation.
VI. CONCLUSION
Starting from a mirosopi model the ground state
energy of a thin ferromagneti lm as funtion of the
diretion of the magnetization is alulated. Expliit
expressions for this energy are obtained whih ontain
important anisotropy ontributions due to non-ollinear
spin strutures in ertain parameter intervals. The mi-
rosopi parameters entering the Hamiltonian are not in
a simple way related to the ground state energy. This is
important for a omparison of measured and alulated
anisotropy parameters. Our investigation shows that in
generally a anted phase is obtained and that the orre-
sponding transitions into this phase are of seond order.
Analyti expressions are obtained for the width of the
anted phase and its shift in external magneti elds.
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